In this paper, we analyze the existence and uniqueness of generalized weighted pseudo-almost automorphic solutions of abstract Volterra integro-differential inclusions in Banach spaces. The main results are devoted to the study of various types of weighted pseudo-almost periodic (automorphic) properties of convolution products. We illustrate our abstract results with some examples and possible applications.
Introduction and preliminaries
The class of weighted pseudo-almost periodic functions with values in Banach spaces was introduced by T. Diagana in [17] In this paper, we analyze the existence and uniqueness of generalized weighted pseudoalmost periodic solutions and generalized weighted pseudo-almost automorphic solutions of abstract Volterra integro-differential inclusions in Banach spaces.
Concerning already made applications to abstract Volterra integro-differential equations, we will mention here only a few important results obtained so far. In [16, Chapter 10] , T. Diagana has examined the existence and uniqueness of weighted pseudo almost-periodic solutions of autonomous partial differential equation d dt u ′′ (t) + f (t, Bu(t)) = w(t)Au(t) + g(t, Cu(t)), t ∈ R, (1.1) where A is a sectorial operator on X, B and C are closed linear operators acting on X, and f : R × X → X, g : R × X → X are pseudo almost-periodic functions in t ∈ R uniformly in x ∈ X. The results on well-posedness of (1.1) clearly apply in the study of qualitative properties of solutions of the abstract nonautonomous third-order differential equation
see [16, Chapter 10] for more details. Motivated by the ideas of T. Diagana, a great number of authors has considered the qualitative properties of solutions for various types of the Sobolev-type differential equations. For example, in [12] , Y.-K.
Chang and Y.-T. Bian have investigated the weighted asymptotic behaviour of the Sobolev-type differential equation d dt u(t) + f (t, u(t)) = A(t)u(t) + g(t, u(t)), t ∈ R, where A(t) : D ⊆ X → X is a family of densely defined closed linear operators on a common domain D, independent of time t ∈ R, f : R × X → X is a weighted pseudo-almost automorphic function and g : R×X → X is a Stepanov-like weighted pseudo-almost automorphic function satisfying some extra conditions. Here, it is worth noting that the class of weighted Stepanov-like pseudo-almost automorphic functions has been introduced by Z. Xia and M. Fan in [48] , where the authors have analyzed the existence and uniqueness of such solutions for the following abstract semilinear integro-differential equation:
under certain conditions. In [2] , S. Abbas, V. Kavitha and R. Murugesu have examined Stepanov-like weighted pseudo almost automorphic solutions to the following fractional order abstract integro-differential equation: 
f (t, u(t), Ku(t)), t ∈ R,
where Ku(t) = t −∞ k(t − s)h(s, u(s)) ds, t ∈ R, 1 < α < 2, A is a sectorial operator with domain and range in X, of negative sectorial type ω < 0, the function k(t) is exponentially decaying, the functions f : R × X × X → X and h : R × X → X are Stepanov-like weighted pseudo-almost automorphic in time for each fixed elements of X × X and X, respectively, satisfying some extra conditions (cf. also T. Diagana [19] ).
Weighted pseudo-almost automorphic solutions to functional differential equations with infinite delay have been recently considered by Y.-K. Chang and S. Zheng in [11] . They have analyzed the abstract nonautonomous differential equation d dt u(t) + f (t, u t ) = A(t)u(t) + g(t, u t ), t ∈ R, where A(t) : D ⊆ X → X is a family of densely defined closed linear operators on a common domain D, independent of time t ∈ R, the history u t : (0, ∞] → X defined by u t (·) := u(t + ·) belongs to some abstract phase space B defined axiomatically, and f : R × B → X, g : R × B → X fulfill some conditions. Fractional calculus and fractional differential equations have received much attention recently due to its wide range of applications in various fields of science, such as mathematical physics, engineering, aerodynamics, biology, chemistry, economics etc (see e.g. [5] , [24] , [32] - [33] and [44] - [45] ). In this paper, we essentially use only the Weyl-Liouville fractional derivatives (for more details, we refer the reader to the paper [42] by J. Mu, Y. Zhoa and L. Peng). The Weyl-Liouville fractional derivative D γ t,+ u(t) of order γ ∈ (0, 1) is defined for those continuous functions u : R → X such that t → t −∞ g 1−γ (t − s)u(s) ds, t ∈ R is a well-defined continuously differentiable mapping, by here and hereafter, g ζ (t) := t ζ−1 /Γ(ζ), t > 0, where Γ(·) denotes the Gamma function (ζ > 0).
The organization of paper is described as follows. In Subsection 1.1, we present a brief overview of definitions and results about multivalued linear operators in Banach spaces. The main aim of Section 2 is to analyze various generalizations of almost periodic functions and almost automorphic functions; besides some new notions introduced, like Besicovitch pseudo-almost automorphy, the only original contribution here is Proposition 2.4 in which we show that the class of Weyl-pvanishing functions (extended by zero outside [0, ∞); see [39] for the notion) is contained in the Weyl ergodic type space W p P AA 0 (R : X), introduced by S. Abbas in [1] ; we paid special attention to generalized two-parameter almost automorphic functions. The main aim of Section 3 is to inscribe the basic facts about weighted pseudo-almost periodic functions, weighted pseudo-almost automorphic functions and their generalizations; in Subsection 3.1, we repeat some known composition principles for these classes. In Section 3, we introduce the notions of a weighted Weyl p-pseudo almost automorphic function and a weighted Besicovitch p-pseudo almost automorphic function, investigating also the convolution invariance of space B 1 W P AA 0 (R, X, ρ 1 , ρ 2 ) and translation invariance of space P AP 0 (R, X, ρ 1 , ρ 2 ); see Section 2-Section 3 for the notions. Our main results are stated in Section 4, where we investigate the generalized weighted pseudo-almost periodic (automorphic) properties of convolution products; in this paper, we are primarily concerned with the infinite convolution product
where (R(t)) t>0 is a strongly continuous operator family. Weighted pseudo-almost automorphic solutions of semilinear (fractional) Cauchy inclusions are analyzed in Section 5, where we also provide some applications in the analysis of the following abstract Cauchy inclusion of first order
and its fractional relaxation analogue
, t ∈ R, where D γ t,+ denotes the Riemann-Liouville fractional derivative of order γ ∈ (0, 1), and f : R → X satisfies certain properties, as well as their semilinear analogues
where f : R × X → X satisfies certain applications. Here, A is a closed multivalued linear operator. Before we switch to our first subsection, it should be emphasized that our results seem to be new even for a class of almost sectorial operators [43] .
1.1. Multivalued linear operators. In this subsection, we will present some necessary definitions from the theory of multivalued linear operators. For more details about this topic, we refer the reader to the monographs by R. Cross [14] and A. Favini, A. Yagi [26] .
Let X and Y be two Banach spaces over the field of complex numbers. A multivalued map A : X → P (Y ) is said to be a multivalued linear operator (MLO) iff the following two conditions hold: (i) D(A) := {x ∈ X : Ax = ∅} is a linear submanifold of X;
(ii) Ax + Ay ⊆ A(x + y), x, y ∈ D(A) and λAx ⊆ A(λx), λ ∈ C, x ∈ D(A). If X = Y, then we say that A is an MLO in X. We know that the equality λAx + ηAy = A(λx + ηy) holds for every x, y ∈ D(A) and for every λ, η ∈ C with |λ|+|η| = 0. If A is an MLO, then A0 is a linear submanifold of Y and Ax = f +A0 for any x ∈ D(A) and f ∈ Ax. Set R(A) := {Ax : x ∈ D(A)}. and Ax ⊆ Bx for all x ∈ D(A). Products, integer powers and multiplication with scalar constants are well-known operations for MLOs ( [26] ).
We say that an MLO A : X → P (Y ) is closed iff for any sequences (x n ) in D(A) and (y n ) in Y such that y n ∈ Ax n for all n ∈ N we have that lim n→∞ x n = x and lim n→∞ y n = y imply x ∈ D(A) and y ∈ Ax.
Suppose now that A is an MLO in X. The resolvent set of A, ρ(A) for short, is defined as the union of those complex numbers λ ∈ C for which
The operator λ → (λ−A) −1 is called the resolvent of A (λ ∈ ρ(A)). Any MLO with non-empty resolvent set is closed and the Hilbert resolvent equation holds in our framework. For further information about multivalued linear operators and abstract degenerate integro-differential equations, we refer the reader to the monographs [10] , [14] , [26] , [37] , [41] and [46] .
Various generalizations of almost periodic functions and almost automorphic functions
The concept of almost periodicity was introduced by Danish mathematician H. Bohr around 1924-1926 and later generalized by many other authors (cf. [16] , [27] , [36] and [50] for more details on the subject). Let I = R or I = [0, ∞), and let f : I → X be continuous. Given ǫ > 0, we call τ > 0 an ǫ-period for f (·) iff
The set constituted of all ǫ-periods for f (·) is denoted by ϑ(f, ǫ). It is said that f (·) is almost periodic, a.p. for short, iff for each ǫ > 0 the set ϑ(f, ǫ) is relatively dense in I, which means that there exists l > 0 such that any subinterval of I of length l meets ϑ(f, ǫ). Let f : R → X be continuous. Then we say that f (·) is almost automorphic, a.a. for short, iff for every real sequence (b n ) there exist a subsequence (a n ) of (b n ) and a map g : R → X such that lim n→∞ f t + a n = g(t) and lim n→∞ g t − a n = f (t), (2.1) pointwise for t ∈ R. In this case, we have that f ∈ C b (R : X) and the limit function g(·) must be bounded on R but not necessarily continuous on R. Furthermore, it is clear that the uniform convergence of one of the limits appearing in (2.1) implies the convergenece of the second one in this equation and that, in this case, the function f (·) has to be almost periodic and the function g(·) has to be continuous. In the case that the convergence of limits appearing in (2.1) is uniform on compact subsets of R, then we say that f (·) is compactly almost automorphic, c.a.a. for short. The vector space consisting of all almost automorphic, resp., compactly almost automorphic functions, is denoted by AA(R : X), resp., AA c (R : X). By Bochner's criterion [16] , any almost periodic function has to be compactly almost automorphic. The converse statement is not true, however ([16] , [36] ). It is wellknown that the range of an almost automorphic function needs to be a relatively compact subset of X.
A continuous function f : R → X is said to be asymptotically (compact) almost automorphic, a.(c.)a.a. for short, iff there are a function h ∈ C 0 ([0, ∞) : X) and a (compact) almost automorphic function q : R → X such that f (t) = h(t) + q(t), t ≥ 0. Using Bochner's criterion again, we can easily show that any asymptotically almost periodic function [0, ∞) → X is asymptotically (compact) almost automorphic. The spaces of almost periodic, almost automorphic, compactly almost automorphic functions, and asymptotically (compact) almost automorphic functions are closed subspaces of C b (R : X) when equipped with the sup-norm.
Suppose now that 1 ≤ p < ∞, l > 0 and f, g ∈ L p loc (I : X), where
Then there exists
The distance appearing in (2.2) is called the Weyl distance of f (·) and g(·). The Stepanov and Weyl 'norm' of f (·) are defined by
The above norm turns the space
is asymptotically almost periodic. The following notion of a Stepanov p-almost automorphic function has been introduced by G. M. N'Guérékata and A. Pankov in [29] : A function f ∈ L p loc (R : X) is called Stepanov p-almost automorphic, S p -almost automorphic or S p -a.a. shortly, iff for every real sequence (a n ), there exists a subsequence (a n k ) and a function g ∈ L 
; the vector space consisting of such functions q(·) will be denoted by S p 0 ([0, ∞) : X). It is well known that the S p -almost automorphy of f (·) implies the compact almost automorphy of the mappingf : I → L p ([0, 1] : X) defined above, with the limit function being g(·)(s) := g(s + ·) for a.e. s ∈ [0, 1], so that any S p -almost automorphic function f (·) has to be S p -bounded (1 ≤ p < ∞). The vector space consisting of all S p -almost automorphic functions, resp., asymptotically S p -almost automorphic functions, will be denoted by AAS p (R : X), resp.,
The converse statement is not true, in general.
We refer the reader to [39] for the notions of an (equi-)Weyl-p-almost periodic function and an (equi-)Weyl-p-vanishing function (1 ≤ p < ∞); see also [3] for scalar-valued case. Denote by W 
The concepts of Weyl almost automorphy and Weyl pseudo-almost automorphy, more general than those of Stepanov almost automorphy and Stepanov pseudoalmost automorphy, were introduced by S. Abass [1] in 2012. We will first give the definition of a Weyl p-almost automorphic function.
The set of all such functions are denoted by W p AA(R : X).
The set W p AA(R : X), equipped with the usual operations of pointwise addition of functions and multiplication of functions with scalars, forms a vector space. Weyl-p-almost periodic functions forms a linear subspace of W p AA(R : X).
The class of Stepanov pseudo-almost automorphic functions has been introduced by T. Diagana in [20] (cf. also the paper [25] , where Z. Fan, J. Liang and T.-J. Xiao have analyzed composition theorems for the corresponding class):
Denote by S p P AP (R : X) (S p P AA(R : X)) the collection of such functions, and by S p P AA 0 (R : X) the collection of locally p-integrable X-valued functions q(·) such that (2.3) holds.
It is well known that S p P AA(R, X, ρ 1 , ρ 2 ), endowed with the Stepanov norm, is a Banach space which contains all pseudo-almost automorphic functions. A similar statement holds for the space
The set of all such functions are denoted by W p P AA(R : X), while the set consisting of all functions q ∈ L p loc (R : X) satisfying (2.4) is denoted by W p P AA 0 (R : X). Now we will prove that the class of Weyl-p-vanishing functions (extended by zero outside [0, ∞)) is contained in W p P AA 0 (R : X) :
loc (R : X) be given by q e (t) := q(t), t ≥ 0 and q e (t) := 0, t < 0. Then q e ∈ W p P AA 0 (R : X).
Proof. We only need to prove that (2.4) holds with q(·) replaced therein with q e (·), i.e., that
Towards this end, fix a number ǫ > 0. Owing to the fact that q(·) is Weyl-pvanishing, i.e., that
we have the existence of numbers l 0 (ǫ) > 0 and t 0 (ǫ) > 0 such that
q(s) p ds is less or equal than ǫ by (2.6), which clearly implies the existence of a number l 1 (ǫ) > 0 such that for each l ≥ l 1 (ǫ) we have 1 2l
which clearly implies the existence of a number
This yields (2.5) and completes the proof of proposition.
For Besicovitch and Besicovitch-Doss generalizations of almost periodic functions in Banach spaces, we refer the reader to [40] ; see also [7] . The class of Besicovitch almost automorphic functions has been introduced by F. Bedouhene, N. Challali, O. Mellah, P. Raynaud de Fitte and M. Smaali in [6] . This class extends the class of Weyl almost automorphic functions and its definition is given as follows:
The set of all such functions are denoted by B p AA(R : X).
It can be easily proved that the set B p AA(R : X), equipped with the usual operations, forms a vector space. In the present situation, the author does not know whether a Besicovitch p-almost periodic function is necessarily Besicovitch p-almost automorphic. Now we will introduce the notion of a Besicovitch p-pseudo almost automorphic function:
The set of all such functions are denoted by B p P AA(R : X).
A very simple analysis shows that B p P AA(R : X) is a vector space, as well as that W p P AA(R : X) ⊆ B p P AA(R : X).
In order to shorten our study, we will skip here all details concerning twoparameter almost periodic functions and their generalizations; see T. Diagana [16] and M. Kostić [36] for further information in this direction. Regarding generalized two-parameter almost automorphic functions, the following facts should be recalled: Let (Y, · Y ) be another pivot space over the field of complex numbers. Then we say that a continuous function F : R × Y → X is almost automorphic iff for every sequence of real numbers (s ′ n ) there exists a subsequence (s n ) such that G(t, y) := lim n→∞ F (t + s n , y) is well defined for each t ∈ R and y ∈ Y, and lim n→∞ G(t − s n , y) = F (t, y) for each t ∈ R and y ∈ Y. The vector space consisting of such functions will be denoted by AA(R × Y : X).
The notion of a pseudo almost-automorphic function was introduced by T.-J. Xiao, J. Liang and J. Zhang [49] in 2008. Let us recall that the space of pseudoalmost automorphic functions, denoted shortly by P AA(R : X), is defined as the direct sum of spaces AA(R : X) and P AP 0 (R : X), where P AP 0 (R : X) denotes the space consisting of all bounded continuous functions Φ : R → X such that
Equipped with the sup-norm, the space P AA(R : X) becomes one of Banach's. A bounded continuous function f : R × Y → X is said to be pseudo-almost automorphic iff F = G + Φ, where G ∈ AA(R × Y : X) and Φ ∈ P AP 0 (R × Y : X); here, P AP 0 (R × Y : X) denotes the space consisting of all continuous functions Φ : R × Y → X such that {Φ(t, y) : t ∈ R} is bounded for all y ∈ Y, and
The collection of such functions will be denoted henceforth by P AA(R × Y : X).
Definition 2.7. (see e.g. [18] ) Let 1 ≤ p < ∞, and let f : R × Y → X satisfy that for each y ∈ Y we have f (·, y) ∈ L p loc (R : X). Then it is said that f (·, ·) is Stepanov p-almost automorphic iff for every y ∈ Y the mapping f (·, y) is S p -almost automorphic; that is, for any real sequence (a n ) there exist a subsequence (a n k ) of (a n ) and a map g : R × Y → X such that g(·, y) ∈ L p loc (R : X) for all y ∈ Y as well as that:
uniformly on bounded subsets of Y. Denote by S p P AA(R × Y, X, ρ 1 , ρ 2 ) the collection of such functions, and by S p P AA 0 (R × Y, X, ρ 1 , ρ 2 ) the collection of functions satisfying that for each y ∈ Y one has that q(·) is a locally p-integrable X-valued function and (2.7) holds. If ρ = ρ 1 = ρ 2 , then we write
We refer the reader to [38] for various composition principles for almost automorphic functions, pseudo-almost automorphic functions and Stepanov almost automorphic functions. The reader may consult S. Abass [1] for the notion of a Weyl pseudo-almost automorphic function as well as for the formulation of a composition principle for Weyl pseudo-almost automorphic functions.
3. Weighted pseudo-almost periodic functions, weighted pseudo-almost automorphic functions and their generalizations
We say that weights ρ 1 (·) and ρ 2 (·) are equivalent, ρ 1 ∼ ρ 2 for short, iff ρ 1 /ρ 2 ∈ U b . By U T we denote the space consisting of all weights ρ ∈ U ∞ which are equivalent with all its translations.
Next, we introduce the spaces consisting of so-called ergodic components, depending on one or two variables.
Assume that ρ 1 , ρ 2 ∈ U ∞ . Set
The class of weighted pseudo-almost periodic functions was introduced by T. Diagana in [17] (2006); we will slightly generalize the notion from this paper by examining two weight functions, leading to the concept of so-called double-weighted pseudo almost-periodic functions, as it has been done by T. Diagana in [21] - [22] . Definition 3.1.
(i) A function f ∈ C b (R : X) is said to be weighted pseudoalmost periodic iff it admits a decomposition f (t) = g(t) + q(t), t ∈ R, where g(·) is almost periodic and q(·) ∈ P AP 0 (R, X, ρ 1 , ρ 2 ).
(ii) A function f (·, ·) ∈ C b (R × Y : X) is said to be weighted pseudo-almost periodic iff it admits a decomposition f (t, y) = g(t, y)+ q(t, y), t ∈ R, where g(·, ·) is almost periodic and q(·, ·) ∈ P AP 0 (R × Y, X, ρ 1 , ρ 2 ). Denote by W P AP (R, X, ρ 1 , ρ 2 ) (respectively, W P AP (R × Y, X, ρ 1 , ρ 2 )) the vector spaces of such functions. If ρ = ρ 1 = ρ 2 , then we write W P AP (R, X, ρ 1 , ρ 2 ) ≡ W P AP (R, X, ρ) and
The class of weighted pseudo-almost automorphic functions has been introduced by J. Blot, G. M. Mophou, G. M. N'Guérékata and D. Pennequin in [9] . The following slight generalization is introduced by T. Diagana [21] - [22] (see also T. Diagana, K. Ezzinbi, M. Miraoui [23] and S. Abbas, V. Kavitha, R. Murugesu [2] ):
(i) A function f ∈ C b (R : X) is said to be weighted pseudoalmost automorphic iff it admits a decomposition f (t) = g(t) + q(t), t ∈ R, where g(·) is almost automorphic and q(·) ∈ P AP 0 (R, X, ρ 1 , ρ 2 ).
(ii) A function f (·, ·) ∈ C b (R × Y : X) is said to be weighted pseudo-almost automorphic iff it admits a decomposition f (t, y) = g(t, y) + q(t, y), t ∈ R, where g(·, ·) is almost automorphic and q(·, ·) ∈ P AP 0 (R × Y, X, ρ 1 , ρ 2 ). Denote by W P AA(R, X, ρ 1 , ρ 2 ) (respectively, W P AA(R × Y, X, ρ 1 , ρ 2 )) the vector spaces of such functions. If ρ = ρ 1 = ρ 2 , then we write W P AA(R, X, ρ 1 , ρ 2 ) ≡ W P AA(R, X, ρ) and W P AA(R × Y, X, ρ 1 , ρ 2 ) ≡ W P AA(R × Y, X, ρ).
It is well-known that, for every ρ 1 , ρ 2 ∈ U T , we have that W P AP (R, X, ρ 1 , ρ 2 ) and W P AA(R, X, ρ 1 , ρ 2 ) are Banach spaces with the sup-norm.
For the Stepanov class, we will use the following definition from [2] (see also Z. Xia, M. Fan [48] for the case that ρ 1 = ρ 2 ):
(i) A Stepanov p-bounded function f (·) is said to be weighted Stepanov ppseudo almost periodic (automorphic) iff it admits a decomposition f (t) = g(t) + q(t), t ∈ R, where g(·) is S p -almost periodic (automorphic) and
Denote by S p W P AP (R, X, ρ 1 , ρ 2 ) (S p W P AA(R, X, ρ 1 , ρ 2 )) the vector space of such functions, and by S p W P AA 0 (R, X, ρ 1 , ρ 2 ) the vector space of locally p-integrable X-valued functions q(·) such that (3.1) holds.
(ii) A function f : R × Y → X is said to be weighted S p -pseudo almost periodic (automorphic) iff for each y ∈ Y we have that f (·, y) ∈ L p loc (R : X) and f (·, ·) admits a decomposition f (t, y) = g(t, y) + q(t, y), t ∈ R, where g(·, ·) is S p -almost periodic (automorphic) and
uniformly on bounded subsets of Y. Denote by S p W P AP (R×Y, X, ρ 1 , ρ 2 ) (S p W P AA(R×Y, X, ρ 1 , ρ 2 )) the vector space of such functions, and by S p W P AA 0 (R × Y, X, ρ 1 , ρ 2 ) the vector space of functions satisfying that for each y ∈ Y one has that q(·) is a locally p-integrable X-valued function and (3.2) holds. If ρ = ρ 1 = ρ 2 , then we write
For instance, the function f (t) := sign(cos 2πθt) + e −|t| , t ∈ R, where θ is an irrational number, is weighted S p -pseudo almost automorphic with the weight functions ρ 1 (t) := 1 + t 2 , ρ 2 (t) := 1 (t ∈ R); this function is also S p -pseudo almost automorphic (cf. [ 
2, Example 1]).
Denote by V ∞ the collection of all weighted ρ 1 , ρ 2 ∈ U ∞ such that lim sup
< ∞ for any τ ∈ R, and lim sup
Then, owing to [2, Theorem 2.1], we have that S p W P AA(R × Y, X, ρ 1 , ρ 2 ) is a Banach space endowed with the Stepanov norm · S p , for any p ∈ [1, ∞). A similar statement holds for the space S p W P AP (R × Y, X, ρ 1 , ρ 2 ). We introduce the notions of a weighted Weyl p-pseudo almost periodic (automorphic) function and a weighted Besicovitch p-pseudo almost periodic (automorphic) function as follows:
is said to be weighted Weyl p-pseudo almost periodic (automorphic) iff it admits a decomposition f (t) = g(t) + q(t), t ∈ R, where g(·) is W p -almost periodic (automorphic) and q(·) ∈ L p loc (R : X) satisfies
Denote by W p W P AA(R, X, ρ 1 , ρ 2 ) (W p W P AA(R, X, ρ 1 , ρ 2 )) the collection of such functions, and by W p W P AA 0 (R, X, ρ 1 , ρ 2 ) the collection of locally p-integrable X-valued functions q(·) such that (3.3) holds.
(ii) A function f ∈ L p loc (R : X) is said to be weighted Besicovitch p-pseudo almost periodic (automorphic) iff it admits a decomposition f (t) = g(t) + q(t), t ∈ R, where g(·) is B p -almost periodic (automorphic) and q(·) ∈ L p loc (R : X) satisfies
Denote by B p W P AP (R, X, ρ 1 , ρ 2 ) (B p W P AA(R, X, ρ 1 , ρ 2 )) the collection of such functions, and by B p W P AA 0 (R, X, ρ 1 , ρ 2 ) the collection of locally p-integrable X-valued functions q(·) such that (3.4) holds.
We will not introduce here the notions of two-parameter weighted Weyl ppseudo almost periodic (automorphic) functions and two-parameter weighted Besicovitch p-pseudo almost periodic (automorphic) functions since these notions can be very difficultly applied in the analysis of abstract semilinear Cauchy inclusions.
It is easily seen that B p W P AA(R, X, ρ 1 , ρ 2 ) is a vector space, as well as that W p W P AA(R, X, ρ 1 , ρ 2 ) ⊆ B p W P AA(R, X, ρ 1 , ρ 2 ). Similar statements hold in the case of consideration of weighted pseudo-almost periodicity.
Concerning the convolution invariance of the space B p W P AA 0 (R, X, ρ 1 , ρ 2 ), we have the following result with p = 1:
Proof. First of all, let us recall the well-known fact that lim sup By the S 1 -boundedness of q(·), we get the existence of a function Then the final conclusion follows by using (3.5)-(3.6), the validity of (3.4) for q(·), and the following integral computation with Fubini theorem:
The theory of weighted pseudo-almost periodic functions and weighted pseudoalmost automorphic functions is full of open problems. For example, let ρ = ρ 1 = ρ 2 . Then it is well known that decomposition of a weighted pseudo-almost periodic function into its almost-periodic and ergodic component is not unique, in general. The second problem appearing is that the sum AP (R : X) and P AP 0 (R, X, ρ) need not be a closed subspace of C b (R : X) albeit the both parts AP (R : X) and P AP 0 (R, X, ρ) considered separately are closed subspaces of C b (R : X). To overcome this problem, and to analyze weighted pseudo almost-periodic properties of certain classes of semilinear first order Cauchy problems, J. Zhang, T.-J. Xiao and J. Liang [51] have introduced the following norm on the space P AP (R, X, ρ) :
where I denotes the family of all possible decompositions of f (·) into almost-periodic and ergodic component. This norm turns P AP (R, X, ρ) into a Banach space. The convolution and translation invariance of (double-)weighted pseudo almost-periodic functions and some other problems for this class have been investigated by T. Diagana [21] - [22] , D. Ji, Ch. Zhang [31] and A. Coronel, M. Pinto and D. Sepúlveda [13] . The translation invariance of P AP (R, X, ρ) is ensured e.g. by the validity of condition
cf. [13, Theorem 3.7 (b) ].
In the following proposition, we provide a slightly different condition ensuring the translation invariance of the space P AP 0 (R, X, ρ 1 , ρ 2 ).
and there exists a function g : R → (0, ∞) such that
Proof. Let s ∈ R and f ∈ P AP 0 (R, X, ρ 1 , ρ 2 ). We need to prove that f (−s + ·) ∈ P AP 0 (R, X, ρ 1 , ρ 2 ). Towards this end, observe that (3.8) and a simple calculation yield that for each T > 0 we have:
Then the final conclusion follows by applying (3.7) .
In order to analyze generalized weighted pseudo-almost automorphic solutions of semilinear (fractional) Cauchy inclusions, we need to repeat some known facts about composition principles for the classes of weighted pseudo-almost automorphic functions and Stepanov weighted pseudo-almost automorphic functions (weighted pseudo-almost periodic solutions can be analyzed in a similar fashion; see e.g. 
Arguing as in the proof of [48, Theorem 3.6, Theorem 3.7], we can prove the following composition principles, stated here with two generally different pivot spaces (see also [2, Theorem 2.2, Theorem 2.3, Theorem 2.4]). 
p -almost automorphic with relatively compact range in Y , and
Generalized weighted almost periodic (automorphic) properties of convolution products
We start this section by stating the following important result, expanding thus our research raised in [34, Subsection 2.1]. Proposition 3.6) and f : R → X is weighted S p -almost periodic, resp. weighted S p -almost automorphic, then the function F (·), given by
is well-defined and belongs to the class
resp.,
Proof. We will prove the theorem only for weighted S p -almost automorphy. Let f (·) = g(·) + q(·), where g(·) and q(·) satisfy conditions from Definition 3.3(i). By [38, Proposition 5] , and S p -almost automorphy of g(·), we have that the function G(·) obtained by replacing f (·) in (4.5) by g(·), is almost automorphic. Define Q k (t) := k+1 k R(s)q(t − s) ds, t ∈ R (k ∈ N). Arguing as in the proof of aforementioned proposition, we can prove that Q k (·) is bounded and continuous on R for all k ∈ N, as well as that Q k (·) converges uniformly to Q(·) :=
Therefore, all we need to prove is that, for any integer k ∈ N given in advance, (3.1) holds with the function q(·) replaced therein by Q k (·). By the Hölder inequality and an elementary change of variables in double integral, we have the existence of a positive finite constant c k > 0 such that:
Now the final conclusion follows from the fact that (3.1) holds with the function q(·) replaced therein by Q k (·) and the translation invariance of P AP 0 (R, X, ρ 1 , ρ 2 ).
Results for weighted Besicovitch almost automorphic functions are rather restrictive; in the following theorem, besides of condition (4.2) and almost inevitable condition p = 1, we use the esssential boundedness of functions f (·) and g(·) as well as the condition (4.3) on weights ρ 1 (·) and ρ 2 (·) :
is a strongly continuous operator family satisfying that
1 AA(R : X), and let g(·) be essentially bounded. Assume, further, that q ∈ B 1 W P AA 0 (R, X, ρ 1 , ρ 2 ), q(·) is essentially bounded, and f (·) = g(·) + q(·). Suppose that
Then the function F (·), given by (4.5) , is bounded and belongs to the class
Proof. By [38, Proposition 7] , we have that the function G(·), given by (4.5) with the function f (·) replaced by g(·) therein, belongs to class B 1 AA(R : X). The argumentation contained in the proof of this proposition also shows that the function F (·) is essentially bounded, so that it suffices to show that the function Q(·), obtained by replacing the function f (·) by q(·) in (4.5), satisfies (3.4) . Towards this end, we note that
The proof of proposition follows by applying (4.3).
Remark 4.3. Before proceeding further, let us only observe that the validity of (4.3) implies that for any q ∈ B 1 W P AA 0 (R, X, ρ 1 , ρ 2 ) such that q(·) is essentially bounded, we have that the condition ∞ 0 R(v) dv < ∞ is sufficient to ensure that the function Q(·) defined above is in class B 1 W P AA 0 (R, X, ρ 1 , ρ 2 ). Furthermore, the condition ∞ 0 R(v) dv < ∞ implies that the function G(·) defined above is almost automorphic provided that g(·) is almost automorphic (see [38, Proposition 4] ). For our investigations of the finite convolution product, we need to slightly addapt the notation used so far. Set
see also [8] and [23] .
Concerning the invariance of space P AP 0 ([0, ∞), X, ρ 1 , ρ 2 ) under the action of finite convolution product, we have the following result:
Proposition 4.5. Assume that there exists a non-negative measurable function
is a strongly continuous operator family satisfying
Proof. It can be easily verified that F ∈ C b ([0, ∞) : X); cf. [4, Chapter 1] for more details. The claimed statement follows from the prescribed assumptions and the next computation:
] < ∞ and g(·) additionally satisfies that it is S pbounded. Then, again, F ∈ P AP 0 ([0, ∞), X, ρ 1 , ρ 2 ) and here it is only worth noting that we can use similar arguments as above and the following estimate
Combining Proposition 4.1, Proposition 4.5-Remark 4.6 and the argumentation contained in the proof of [34, Proposition 2.13], we can clarify the following proposition (weighted S p -almost periodic case can be considered similarly):
Proposition 4.7. Assume that 1 ≤ p < ∞, 1/p + 1/q = 1, and there exists a
is a strongly continuous operator family satisfying that for each s ≥ 0 we have
Here,
(R, X, ρ 1 , ρ 2 ) denote the spaces consisting of restrictions of functions belonging to AA(R, X, ρ 1 , ρ 2 ) and S p W P AA 0 (R, X, ρ 1 , ρ 2 ) to the non-negative real axis, respectively.
Weighted pseudo-almost automorphic solutions of semilinear (fractional) Cauchy inclusions
In this section, we will clarify a few results concerning the existence and uniqueness of weighted automorphic solutions of semilinear (fractional) Cauchy inclusions; the existence and uniqueness of weighted automorphic solutions can be analyzed similarly. Because of some obvious complications appearing in the study of existence and uniqueness of weighted pseudo-almost periodic (automorphic) solutions defined only for non-negative values of time t (see Proposition 4.7), henceforth we will restrict ourselves to the study of abstract Cauchy inclusions (1.2)-(1.3), only. The organization of section is very similar to that of [38, Section 5] ; the proofs of structural results are omitted since they can be deduced by using composition principles from Subsection 3.1 and the argumentation contained in [36] .
We deal with the class of multivalued linear operators A satisfying the condition ; then Y is a Banach space that is continuously embedded in X. Define, further,
where Γ denotes the upwards oriented curve λ = −c(|η| + 1) + iη (η ∈ R). Then there exists a finite constant M > 0 such that:
Assume that L f (·) is a locally bounded non-negative function, and M denotes the constant from (A), with ν = θ. Set, for every n ∈ N,
where Φ γ (·) denotes the famous Wright function, defined by
Set also
Consider the condition (3.9) with L f (·) being a measurable non-negative function. Set, for every n ∈ N,
If (Z, · Z ) is a complex Banach space that is continuously embedded in X, then we use the following notion of a mild solution of (1.2), resp., (1.3):
Definition 5.1. Assume that f : I × Z → X. By a mild solution of (1.2), we mean any Z-continuous function u(·) such that u(t) = (Λu)(t), t ∈ R, where t → (Λu)(t) := (ii) There exist two finite constants L f > 0 and L g > 0 such that (3.9)- (3.10) hold. If Theorem 5.7. Assume that ρ 1 , ρ 2 ∈ U T , 1 ≤ p < ∞, and the following conditions hold:
(i) f ∈ P AA(R × X, X, ρ 1 , ρ 2 ) is weighted pseudo-almost automorphic.
(ii) The inequality (3.9) holds with some bounded non-negative function L f (·). And, at the end of paper, a few words about situations in which we can apply our abstract results. As already mentioned in our previous researches, we can apply our results in the analysis of existence and uniqueness of weighted (asymptotically) almost automorphic solutions of the fractional Poisson heat equation As already mentioned in the introductory part, our results can be applied to almost sectorial operators so that we can examine the existence and uniqueness of weighted pseudo-almost automorphic solutions for certain classes of higher order (semilinear) elliptic differential equations in Hölder spaces (see e.g. W. von Wahl [47] ). Our results are also applicable in the study of generalized weighted pseudoalmost periodic solutions and generalized weighted pseudo-almost automorphic solutions of the following abstract integral inclusion u(t) ∈ A t ∞ a(t − s)u(s) ds + f (t), t ∈ R where a ∈ L 1 loc ([0, ∞)), a = 0, f : R → X satisfies certain assumptions and A is a closed multivalued linear operator on X, as well as its semilinear analogue u(t) ∈ A t ∞ a(t − s)u(s) ds + f (t, u(t)), t ∈ R (see e.g. the papers by C. Cuevas, C. Lizama [15] and H. R. Henríquez, C. Lizama [30] ). The main results of paper [2] can be also fomulated for inclusions.
In [28] , G. M. N'Guérékata and M. Kostić have recently studied various classes of generalized almost periodic and generalized almost automorphic solutions of abstract multi-term fractional differential inclusions in Banach spaces. We close the paper with the observation that Proposition 4.7 can be applied in the qualitative analysis of the abstract multi-term Cauchy inclusion c j g αn−αj +i+ζ+1 * f (·)Cx ∈ A g αn−α * u (·), where 0 ≤ α 1 < · · · < α n , 0 ≤ α < α n , x ∈ X, C ∈ L(X) is injective, c j ∈ C for 1 ≤ j ≤ n − 1, CA ⊆ AC, f ∈ L 1 loc ([0, ∞) : X) and the set D i has the same meaning as in [28] (0 ≤ i ≤ ⌈α n ⌉ − 1).
